A method is provided and demonstrated for robust design of the batch dyeing process. This method is used to identify optimal batch dyeing process parameter settings which produce target color with the least color variation within and among dyed fabric pieces. The robust design problem is defined in terms of the design objectives, control factors and noise factors.
Introduction
This paper describes and illustrates an off-line quality control approach developed for im-.-/ proving the quality of batch dyeing process. This approach is used to identify settings of controllable batch dyeing process parameters which minimize adverse effects of manufacturing variations on dyeing performance.
Customers commonly expect a textile dyer to produce a specific color uniformly on some fabric in repetitive batch dyeings. Batch dyeing performance is affected by several factors which are impossible or expensive to control. These factors cause color variation within and among batches of a fabric and off-target color production. It is common practice in the textile industry to attempt control of variation in dyeing performance by using expensive and sophisticated control systems and by tightening product and process tolerances. However, there might be less need for such a control mechanism, if the process parameter settings were selected so as to minimize the sensitivity of dyeing performance to the manufacturing variations.
In this paper, the batch dyeing process is characterized in terms of the factors affecting its performance and the degree of control over them by the process design engineer. Multiple measures are defined to evaluate the dyeing performance.
The proposed design method is described and illustrated on a case problem. This method requires designing and conducting experiments to support empirical modeling of relations between performance measures and controllable process parameters. Then, these models are used in formulating and solving the parameter design problem as a mathematical programming problem. This approach allows a systemat~c way of optimizing the multiple design I objectives involved.
The Batch Dyeing Process Design Problem
Batch dyeing is a process of applying color to a group of fabric pieces. It is an intermediate step in overall dyehouse operations (see Figure 1 ). Before dyeing, the fabric is washed and bleached. After dyeing, the fabric is treated chemically or mechanically to improve its appearance and physical properties. Although dyeing performance is affected by performance of the preceding operations and storage conditions between the operations, dyeing is the major step in determining the final color of the fabric. Finishing processes also may cause unintentional color change or uneven color appearance.
Insert Figure 1 here A dyed fabric piece is characterized by the closeness of the produced color to the target color (standard) and by the uniformity of the produced color over the piece. The closeness of produced color among different fabric pieces is another important output characteristic.
In conventional color specification, color has three dimensions: In CIELAB color space, these dimensions are identified as L*, a* and b* (see AATCC (1989) ). L* is the lightness of color. a* and b* are the other two dimensions, functions of which define hue (H) and chroma (C). The CIELAB color differences, AE ab , which can be calculated from the differences in L*, a* and b* between pieces of fabric do not always correlate with visual assessments (see AATCC (1989) ). However, the CMC(2:1) color difference, AE cm c:(2:1), correlates well with visual assessments of acceptability in commercial color match decisions (AATCC (1989) ):
According to this formula, there exists such an ellipsoid around a target color point, STD, that any other color pointl,within this ellipsoid is acceptable as a commercial color match I (see Figure 2 ). This acceptability tolerance depends on the fabric, color and end use.
Insert Figure 2 here
Dyeing is a complex process with many factors affecting its outcome. Koksal and Smith (1990) , and Koksal, Smith and Smith (1992) study factors which may cause color variation and off-color dyeings. Some of these factors can be adjusted by the designer to alter the performance of the process. They are referred to as control factors. Many others are difficult or impossible to control causing random changes in the dyeing outcome. These latter are called noise factors.
The objectives involved in robust design of batch dyeing process are to find settings of control factors, which:
1. Minimize color difference of any point on a dyed fabric from the target color, 2. Maximize color uniformity (levelness) of a dyed fabric, and 3. Minimize variation of color patterns produced from one fabric piece to another.
Process Performance Evaluation
Dyeing performance is determined by three important characteristics of the product:
1. The degree of color match between a dyed fabric piece and the color standard, 2. The degree of color uniformity within a dyed fabric piece, 3. The degree of color pattern repeatability among dyed fabric pieces.
The performance of the batch dyeing operation is considered to be improved, if it achieves a higher degree of color match, uniformity, and repeatability over the dyed fabric pieces. Koksal (1992) develops objective measures to determine the l dyeing performance. In the following, these measures are presented:
Color Match:
Let Dt,rq_. be the CMC(2:1) color difference between the color standard s and a randomly selected point q on a fabric piece r randomly selected from the fabric pieces dyed under the same process parameter settings t. For a given fabric piece i, a measure of color match between the fabric piece and the color standard s is defined as the expected squared color difference of the piece from the standard, E(D~iq_.). This is a combined measure of the mean and the variance of Dt,iq_., Dt,iq_.) . It is necessary to 4 consider both the mean and the variance because of nonuniform color appearances (see Koksal (1992) ). If n measurements are made on fabric i, an unbiased estimator of E (D:'iq_.) is the sample mean:
For a randomly selected piece of fabric, Yt is the expected squared color difference of the piece from the standard. If N fabric pieces are sampled from those dyed under the same process parameter settings t, then the mean E(Yt), and the variance V(Yt) can be estimated, respectively, as follows:
In selecting process parameter settings, a minimal value of Y t should be sought after to minimize the color difference of a fabric piece from the target. Similarly, minimizing the S~l value helps consistent production of this color difference among the fabric pieces.
Color Uniformity:
Dyeing processes do not always produce uniform color on a fabric. Even if all points of a dyed fabric are within acceptable CMC(2:1) color difference units from the color standard, the overall color appearance may not be uniform (see Koksal (1992) ).
Let Dt,rq-u be the CMC(2:1) color difference between two randomly selected points q and u on a fabric piece r selected randomly from the fabric pieces dyed under the same process parameter settings t. For a given fabric piece i, a measure of color uniformity is defined as the expected squared color difference between any two points of the fabric, E (D:,iq_u Both of these measures should be minimized to have consistently uniform color appearance on each and everyone of the fabric pieces.
Color Pattern Repeatability:
Producing an acceptable color match and uniformity for each and everyone of the dyed fabric pieces is not sufficient for an acceptable color match among the fabric pieces (see Koksal (1992) ). In this work, repeatability is defined as color pattern match between any two pieces of fabric dyed at different times, but under the same process parameter settings.
It is important to note that in comparing color patterns of a pair of fabric pieces, a point on one piece should be compared to the equivalent of that point on the other piece determined by the actual loading positions of the fabric pieces in the dye solution.
Let Dt.,.q-wq be the CMC(2:1) color difference between a randomly selected point q on a randomly selected fabric piece r and the corresponding point q 6n a randomly selected - 
A minimal value of E(pn is desired to ensure good repeatability among the color patterns produced on the fabric pieces.
Robust Design Method
The best settings of control factors will be found by modeling and examining the relationships between the control factors and performance measures of the process. These models can be developed either directly by replicating experiments according to a special design ("loss model" or "product array" approach), or indirectly by first modeling the process response and then approximating the performance measures using the response model ("response model" or "combined array" approach) (see Shoemaker, Tsui and Wu (1989) ). Based I on the performance measure models, optimal process. para~eter settings can be found either by following Taguchi's two-step approach (see Taguchi (1986) , Phadke (1989) , Leon, Shoemaker and Kacker (1987) ) or by formulating and solving the robust design problem as a nonlinear programming problem (see Fathi (1991) , Vining and Myers (1990), Mesenbrink, Lu, McKenzie and Taheri (1992) ).
The method proposed for robust design of batch dyeing is outlined in Figure 3 . It requires designing and conducting experiments to support empirical modeling of relations between performance measures and controllable process parameters. Then, these models are used in formulating and solving the robust design problem as a mathematical programming problem.
7

II
..
Insert Figure 3 here
It is suggested that the performance measures be modeled directly by using the product array approach. The empirical modeling cost of this approach is less than that of the combined array approach. Following the former approach, it is necessary to develop a total of six empirical models, each corresponding to one of the performance measures described above.
However, the latter approach requires that, first, color values, £*(i), a*(i) and b*(i), at each location i of the fabric be modeled, and then the performance measures be approximated from these models using information on the distribution of noise factors. If there are ten measurement points on a piece of fabric (front and back), then it is necessary to have thirty empirical models. Moreover, it is very difficult to estimate the true distribution of noise factors in a dyeing environment. Therefore, the product array approach is more appropriate in developing a robust design of batch dyeing.
The robust design problem can be formulated as a nonlinear programming problem. This approach, as opposed to the Taguchi method, enables better handling of multiple design objectives and constraints. It is also true that, if another customer wants the same color with different expectations concerning color uniformity and/or repeatability, then the optimal parameter settings can be found simply by changing the formulation of the NLP problem accordingly, and solving the revised problem.
Experimental Design
The robust design method is demonstrated on a specific case where a customer asks a dyer to produce a specific color on a certain amount of a fabric. Before dyeing process design, the target color is produced on the selected fabric, in the dye lab, by experimenting with the parameter settings suggested by color match computer programs. Once the customer approves the target color, the £*, a* and b* color dimensions of it become the target in
,.
color comparisons. Types of dyes, chemicals, fabric and equipment to be used in the process are selected. The steps of the dyeing process are identified. These selections are shown in Table 1 . Now, it is desired to identify controllable or uncontrollable design factors, region of experimentation and test levels of these factors.
Insert Table 1 here
Dyeing is a complex process influenced by several factors (see Koksal et al. (1990 Koksal et al. ( ,1992 ). For the case problem, the most important factors which are controllable by the design engineer (control factors) are identified by consulting with experts and using earlier work (see Sumner (1976) , Koksal and Smith (1991) ). They are listed in Table 2 as ( and variation in weight of fabric, Wi (see Table 3 ). Desired levels of these factors can be simulated in a controlled dye lab environment.
Insert Table 3 here
The experiments are to be performed in a dye laboratory using a dyeing apparatus which simulates the dyehouse dyeing. This apparatus contains glass tubes in which dyebath and a small piece of fabric is placed spiral wound around a twister (see Figure 4 ). Agitation is provided by the movements of the twister. At each experiment with certain settings of control and noise factors, a fabric piece of size approximately 6.5" x8.5" is to be dyed.
Insert Figure 4 here
The L.., a * and b* color measurements are to be made (after dyeing) at each corner and in the middle of the fabric piece, front and back. For the particular fabric of the study case, front and back measurements are not treated separately since there is no texture difference between the front and the back. respectively. It is also possible to combine P t and s~c into P?, to estimate the associated quality loss due to poor color pattern repeatability. (see Figure 5) Insert Figure 5 here
The region of experimentation is determined in such a way that the center of the region is located close to the design point (i.e. set of process parameter settings) for producing the color standard. Note that this design point is not necessarily robust to manufacturing variations. The ranges of control factor settings to be tested are found based on expert knowledge and practical limitations of laboratory testing.
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- Dyeing experiments are time consuming and costly. In order to keep the size of the experiments to its minimum, a D-optimal design is constructed for the control array. This design allows estimation of the coefficients of the significant main effects, interactions and quadratic effects. These terms are suggested by expert knowledge considering all relationships between the control factors and the performance measures. The levels selected for the control faci tors are shown in Table 2 . The control array design is constructed by using the DETMAX algorithm (SAS (1989)) as shown in Figure 6 . The D-efficiency of this design is 42.39.
Insert Figure 6 here
The noise array is independent of the control array. The noise array design is also desired to have a minimal size to keep the total number of experiments low. An orthogonal array design is selected for the noise array with which two levels of the noise factors can be tested with four experimental runs (see Figure 6 ). These noise factor levels also shown in Table 3 are selected based on Taguchi's suggestion (Taguchi (1978) ) as (mean ± standard deviation) of the corresponding noise factor.
The experiments are to be conducted in a well-controlled dye laboratory environment. In experimentation, it is important to create exactly the same levels of control and noise factors as are directed by the design, and not to introduce any other variation to the process. This makes it possible to approximate closely the real relationships between the control factors and the performance measures.
Conduct of Experiments
The experiments and color measurements for the particular case problem were performed, but not in all respects as planned. The major problems encountered can be listed as inconsistent color measurement practices and fabric installation procedure, and the use of commercial quality dyestuff (varying dye strength). These inconsistencies were reduced significantly by updating the data through statistical analysis, and the effects of the use of commercial quality dyestuff use were considered negligible. ,.
Empirical Modeling
Performance data were analyzed and empirical models of the performance measures were developed using the method of least squares. First, a model was selected through stepwise regression, and weighted least squares method was utilized to estimate model parameters.
Then, the residuals obtained from the selected fitted model were checked for validity of the assumptions of constant variance, normal error distribution, and independent errors. If the residuals were not distributed as assumed, then the performance data were transformed to an appropriate metric, and the same model building procedure was applied to the transformed data. If the residuals of the resulting model still violated the assumptions, then the transformed data were assigned appropriate weights and modeled again. These weights were based on a model of the sample variances of the data.
In model selection, polynomials of order four and less were considered. Since the improvement in higher order polynomial fits was insignificant, second order fits were selected. Model selection was redone after data transformation and weighting.
Applying this modeling procedure to the color match data, Yt, t = 1,··· ,31, the following model was obtained:
In this model and the others, the parameters L, D, S, A, T, M, G denote coded levels having maximum and minimum values of +1 and -1, respectively. One decision criterion in model selection is to include as many significant terms as possible in the model, and yet have enough degrees of freedom for the error. This is important to increase prediction accuracy of the models in spite of decreased model simplicity, since these models are to be directly used in optimization.
Insert Table 5 here
The model for color uniformity data, Zt, t -1,···,31, was also obtained after a data transformation and by WLS: is still small. It also becomes apparent in this metric that the residuals are bigger for the data collected from the first thirty one experiments. Since these experiments were done by using a different fabric installation procedure, a blocking variable, 0, was added to the model which was defined as -1 for the first thirty one experiments, and as 1 for the rest. Then, a function was fitted to the transformed data by WLS. The weights are again reciprocals of the predicted variances. The analysis of variance table of this fit is shown in Table 6 . Residuals satisfy error distribution assumptions (see Koksal (1992) ), and the F value (11.197) is significant and R2 (0.60) is high. Therefore, the resulting Equation (2) was selected for the mean transformed color uniformity measure, Z'. In optimization modeling, this model is to be used with 0 = -1, since the first thirty one experiments did not follow the correct fabric installation procedure.
Insert Table 6 here
The function fitted for the relationship between the variance of the color match measure,
V(Y), and the control factors is:
• This model was obtained by applying OLS directly to the logged sample variances s}., Table 7 .
Insert Table 7 here Similarly, the following model was obtained for the variance of the color uniformity measure,
V(Z):
The corresponding analysis of variance is summarized in Table 8 . The F value (199.383) is highly significant, and the R2 (0.9994) is high with 3 degrees of freedom for error. The residuals also are distributed according to the model aSsumptions (see Koksal (1992)).
Insert Table 8 here
The functional relationship between the expected value of P squared, E(P 2 ), and the control fac~ors was estimated by fitting a function to the P? data, t = 1,·.· ,30. The log transformation was also found to be necessary for the p t 2 data. The OLS fit to the transformed data is:
Analysis of variance is summarized in Table 9 . This model is justified, since the residuals obey the model assumptions (see Koksal (1992) ), the F value (76.286) is highly significant and R 2 (0.9973) is high.
Insert Table 9 here
Optimization Modeling
Earlier in this article, three distinct objectives were defined with regard to the analysis of the batch dyeing process. Briefly stated, these objectives are: 1) Minimize color difference from target, 2) Maximize color uniformity within a piece of fabric, and 3) Minimize color variation between .different pieces of fabric. In terms of measures Y, Z and P, these objectives can be stated as: Other formulations of these objectives are possible. One such formulation is discussed in Koksal (1992) .
The empirical models of the previous section (or appropriate transformations of these models)
can be used to carry out the analysis.
Several approaches are typically used in modeling multiple objective optimization problems.
These include goal programming, priority ordering, and the weighted average approach, among others. Here, the weighted average approach is described, and the reader is referred to Koksal (1992) for a discussion of the other two approaches.
The weighted average approach is based on the following model:
where kl, k 2 , k a are the corresponding weights.
We analyzed Model (6) with several sets of values for k 1 , k 2 and k a • Based on the results of our analysis, we recommend k 1 = k 2 = k a = 1. The corresponding optimal solution of Model (6) is shown in Table 10 . This solution was obtained by using the NLP software EXPLORE (see Gottfried and Becker (1973) with fifty randomly selected starting points.
Insert Table 10 can be interpreted in a similar manner.
The second set of measures consists of two numbers which are referred to as ay and az. For a given set of values for E(Y), V(Z), E(Z), and V(Z)
, these numbers were defined as:
ay is the distance between 0.50 2 and E(Y), in terms of standard deviation of Y. Similarly, az is the distance between 0.50 2 and E(Z), in terms of standard deviation of Z. Naturally, large values of ay and az imply better quality.
It can be predicted from the values of the above measures that, at the optimal solution, high and consistent color uniformity can be achieved (JE(Z) = 0.28 < 0.50, az = 9.35).
On the average, color patterns may slightly differ among the pieces dyed (J[E(P)]ma.a: = 0.80 > 0.50). On the average, a good color match can be achieved (JE(Y) = 0.16 < 0.50).
However, the proportion of fabric pieces with commercially acceptable color match may not be as high as one would like to achieve (ay = 0.69).
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Confirmation of Results
The process parameter settings found optimal as explained above were tested in the laboratory under the noise array of previous experimentation to confirm the predicted results.
Laboratory performance of these parameter settings was determined by estimating E(Y),
E(Z), V(Z), V(Z)
and E(P2) from the data collected. These estimates are shown in Table 11 together with the model predictions and 95 % confidence limits on these predictions.
Insert Table 11 here
Comparison of the experimental results with the model predictions shows that the tested parameter settings yield values close to predicted values of the color uniformity measures,
E(Z) and V(Z).
The value estimated from the laboratory experiments for the loss due to poor color pattern repeatability, E(P2), is significantly less than the corresponding model prediction and the lower 95 % confidence limit. However, the values obtained from the experimental results for the color match measures, E(Y) and V(Y), turn out to be larger than the upper 95 % confidence limits of the prediction. This implies that at the recommended process parameter settings, uniform and repeatable fabric pieces can be dyed, but the color produced may not be acceptable.
Discussion
The experimental results do not confirm the predicted performance at the recommended parameter settings with respect to the values of E(Y), V(Y) and E(P2). In this case, the proposed design strategy (see Figure 3) requires that the sources of discrepancies be investigated, and that the process design be fine tuned by repeating the steps of the robust design method according to this feedback.
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An analysis of the possible sources of discrepancies for the case problem is shown in Figure 7 .
These discrepancies might result from design of experiments, data collection process, and/or empirical modeling. It is our belief that the most likely causes are related to the data collection process including experimental and measurement errors (such as use of commercial dyestuff, and measurements on unconditioned fabric).
Insert Figure 7 here
The optimization modeling process is also revisited to investigate if another locally optimal solution obtained could actually perform better. As mentioned before, different optimization models of the robust design problem were developed. A number of solutions obtained from these models were very similar. The recommended solution was only slightly better than the others in terms of the performance measure values. One such similar solution worths mentioning. This solution was obtained from a goal programming formulation:
This model is aimed at obtaining the best color match with the values of [E(Z)]2 + V(Z)
and E(P2) restricted to relatively large upper bounds. The solution obtained from Model This solution was not selected as the optimal solution, since the predicted maximum color difference between a pair of fabric pieces was high. Now, as a result of the confirmation 21 experiments, we suspect that the color pattern repeatability model (5) overestimates its actual value. As such, we believe that the Model (7) solution might indeed be better than the recommended solution. This belief is also confirmed by experts in the field based on the argument that the amount of dye suggested by the Model (7) solution is much closer to the amount of dye used in producing the target color than the corresponding value of the recommended solution.
The possibility that the Model (7) solution could produce better results does not answer the question why prediction accuracy of the color match and repeatability models was poor at the recommended solution. Therefore, to fine tune the results obtained here, we suggest that a second set of experiments be designed and constructed to collect more data around the recommended parameter settings, and that the empirical models and the optimal solution be updated accordingly.
Conclusion
In batch dyeing, the main objective is to produce the target color with the least color variation within and among dyed fabric pieces. The method provided in this paper satisfies the need for a systematic way of finding batch dyeing process parameter settings which minimize sensitivity of dyeing performance to manufacturing variations.. ' " . ,-.... 
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